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Àííîòàöèÿ. Ðàññìîòðåíî âëèÿíèå ñêâîçíûõ âûðåçîâ íà óñòîé÷èâîñòü ïîëîãèõ îáîëî÷åê äâîÿêîé êðèâèçíû, øàð-
íèðíî-íåïîäâèæíî çàêðåïëåííûõ ïî êîíòóðó è âûïîëíåííûõ èç îðòîòðîïíûõ ìàòåðèàëîâ. Äëÿ îïèñàíèÿ ïðîöåñ-
ñà äåôîðìèðîâàíèÿ îáîëî÷åê ïðèìåíåíà ìàòåìàòè÷åñêàÿ ìîäåëü òèïà Òèìîøåíêî–Ðåéññíåðà, êîòîðàÿ ó÷èòû-
âàåò ãåîìåòðè÷åñêóþ íåëèíåéíîñòü, ïîïåðå÷íûå ñäâèãè è îðòîòðîïèþ ìàòåðèàëà. Èñïîëüçîâàí äèñêðåòíûé
ìåòîä Â. Â. Êàðïîâà äëÿ ó÷åòà âûðåçîâ: ðàñïîëîæåíèå âûðåçîâ çàäàâàëè åäèíè÷íûìè ñòîëá÷àòûìè ôóíêöèÿìè.
Ìàòåìàòè÷åñêàÿ ìîäåëü ïðåäñòàâëåíà â âèäå ðàçíîñòè ôóíêöèîíàëîâ ïîëíîé ïîòåíöèàëüíîé ýíåðãèè äåôîðìà-
öèè îáøèâêè îáîëî÷êè è îáëàñòåé âûðåçîâ. Ìåòîäîì Ðèòöà çàäà÷à î ïîèñêå ìèíèìóìà ðàçíîñòè ôóíêöèîíàëîâ
ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ìåòîäîì Íüþòîíà. Ïî ðåçóëüòàòàì âû÷è-
ñëèòåëüíûõ ýêñïåðèìåíòîâ óñòàíîâëåíî, ÷òî äëÿ ðàññìîòðåííûõ êîíñòðóêöèé ïðè óìåíüøåíèè âûðåçàìè îáú-
åìà îáîëî÷êè íà 4 % êðèòè÷åñêàÿ ñèëà, êàê ïðàâèëî, óìåíüøàåòñÿ íà 12–27 %.
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Abstract. The influence of through cuts on the buckling of shallow shells of double curvature, hinged-motionlessly fixed
along the contour and made of orthotropic materials is considered. To describe the process of shell deformation, a
mathematical model of the Timoshenko - Reissner type is used, which considers geometric nonlinearity, transverse shears
and orthotropy of the material. The discrete method of V. V. Karpov is used to consider the cuts: the location of the cuts
is specified by unit columnar functions. The mathematical model is presented as a difference of functionals of the total
potential energy of deformation of the shell skin and the areas of the cuts. Using the Ritz method, the problem of finding
the minimum of the difference of the functionals is reduced to solving a system of nonlinear algebraic equations using
the Newton method. Based on the results of computational experiments, it was found that for the considered structures,
when the shell volume is reduced by 4% by cuts, the critical force, as a rule, decreases by 12 - 27%.
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Ââåäåíèå

Îáîëî÷å÷íûå êîíñòðóêöèè ïðèìåíÿþòñÿ â ïðî-

ìûøëåííîì è ãðàæäàíñêîì ñòðîèòåëüñòâå, ñóäî- è

àâèàñòðîåíèè, ðàêåòîñòðîåíèè è êîñìè÷åñêîé

òåõíèêå [1–5], ÷òî ñâÿçàíî ñ íåïðåðûâíûì ðàçâè-

òèåì ìåòîäîâ ðàñ÷åòîâ äàííûõ êîíñòðóêöèé [6–9].

Ïîÿâëåíèå è ðàçâèòèå êîìïîçèöèîííûõ ìàòåðèà-

ëîâ ïîçâîëèëî ðàñøèðèòü âîçìîæíîñòè èñïîëüçî-

âàíèÿ îáîëî÷åê, â ñâÿçè ñ ÷åì èññëåäîâàíèå äå-

ôîðìèðîâàíèÿ è ðàçðóøåíèÿ îáîëî÷åê èç òàêèõ

ìàòåðèàëîâ ïðåäñòàâëÿåò ñîáîé àêòóàëüíóþ çàäà÷ó

[10–13].

Â ñîîòâåòñòâèè ñ êîíñòðóêòèâíûìè òðåáîâàíèÿ-

ìè, ïî ïðè÷èíå íåêà÷åñòâåííî âûïîëíåííûõ ðàáîò

ïðè óñòðîéñòâå îáîëî÷åê, ïîâðåæäåíèÿ ó÷àñòêà

êîíñòðóêöèè, ñâÿçàííîì ñ ìåõàíè÷åñêèì âîçäåéñò-

âèåì èëè âîçäåéñòâèåì îêðóæàþùåì ñðåäû,

ñïëîøíîñòü îáîëî÷å÷íîé êîíñòðóêöèè ìîæåò áûòü

íàðóøåíà. Ê îáîëî÷êàì ñ íàðóøåííîé ñïëîøíî-

ñòüþ ìîæíî îòíåñòè êîíñòðóêöèè ñ îñëàáëåíèÿìè

âûðåçàìè. Èññëåäîâàíèå èçîòðîïíûõ êîíñòðóêöèé

òàêîãî ðîäà îòðàæåíî â ðàáîòàõ [14–17], îðòî-

òðîïíûõ – â ðàáîòàõ [18–23]. Îòäåëüíî ñëåäóåò

âûäåëèòü êîíñòðóêöèè ñ íåîäíîðîäíûìè ñâîéñòâà-

ìè ìàòåðèàëà, âîçíèêàþùèìè âñëåäñòâèå äèôôó-

çèè âûñîêîïðî÷íîãî ìàòåðèàëà â îñíîâíîé ìàòåðè-
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àë îáîëî÷êè èëè âíåøíåé ñðåäû â êîíñòðóêöèþ

[24].

Öåëü èññëåäîâàíèÿ – àíàëèç óñòîé÷èâîñòè îðòî-

òðîïíûõ ïîëîãèõ îáîëî÷åê äâîÿêîé êðèâèçíû, îñ-

ëàáëåííûõ âûðåçàìè.

Ìàòåðèàëû è ìåòîäû èññëåäîâàíèÿ

Ðàññìàòðèâàþòñÿ îðòîòðîïíûå ïîëîãèå îáîëî÷-

êè äâîÿêîé êðèâèçíû ñ îñëàáëåíèÿìè ñêâîçíûìè

âûðåçàìè, íàõîäÿùèåñÿ ïîä äåéñòâèåì ðàâíîìåð-

íî-ðàñïðåäåëåííîé ñòàòè÷åñêîé íàãðóçêè è øàð-

íèðíî-íåïîäâèæíî çàêðåïëåííûå ïî êîíòóðó.

Íàëè÷èå âûðåçîâ áóäåì îïèñûâàòü ôóíêöèåé,

ïðåäëîæåííîé Â. Â. Êàðïîâûì (äèñêðåòíûé ìåòîä)

[25, 26]:
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ãäå hkl
– âûñîòà âûðåçà; o, p – êîëè÷åñòâî âûðåçîâ âäîëü

îñåé x è y ñîîòâåòñòâåííî; �( )x xl� , �( )y yk� – åäèíè÷íûå

ñòîëá÷àòûå ôóíêöèè, ðàâíûå åäèíèöå â çîíå âûðåçà è ðàâíûå

íóëþ âíå òàêèõ ìåñò.

Ðàñ÷åòíàÿ ñõåìà âûðåçà ïîêàçàíà íà ðèñ. 1.
Ôóíêöèè, ïðåäñòàâëÿþùèå ãåîìåòðè÷åñêèå õàðà-

êòåðèñòèêè ïëîñêèõ ñå÷åíèé (ïëîùàäü, ñòàòè÷åñêèé

ìîìåíò, ìîìåíò èíåðöèè) çîí âûðåçîâ, èìåþò âèä:
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Èñïîëüçóåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü Òèìîøåí-

êî–Ðåéñíåðà, ó÷èòûâàþùàÿ ïîïåðå÷íûå ñäâèãè,

ãåîìåòðè÷åñêóþ íåëèíåéíîñòü, îðòîòðîïèþ, îñëàá-

ëåíèÿ âûðåçàìè â âèäå ôóíêöèîíàëà ïîëíîé ïîòåí-

öèàëüíîé ýíåðãèè äåôîðìàöèè [27]

E E Es s s
cut� �0 , (4)

ãäå Es
0

è Es
cut

– ôóíêöèîíàë ïîëíîé ïîòåíöèàëüíîé ýíåðãèè

äåôîðìàöèè îáøèâêè îáîëî÷êè è âûðåçîâ ñîîòâåòñòâåííî.

Ôóíêöèîíàë ïîëíîé ïîòåíöèàëüíîé ýíåðãèè äå-
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ãäå 
x, 
y – äåôîðìàöèè óäëèíåíèÿ; �xy – äåôîðìàöèÿ ñäâèãà

â ïëîñêîñòè xOy; �1, �2, �12 – ôóíêöèè èçìåíåíèÿ êðèâèçí è

êðó÷åíèÿ; Nx, Ny – íîðìàëüíûå óñèëèÿ â íàïðàâëåíèè îñåé x,
y; Nxy, Nyx – ñäâèãîâûå óñèëèÿ â ñîîòâåòñòâóþùåé ïëîñêîñòè

xOy; Mx, My – èçãèáàþùèå ìîìåíòû; Mxy, Myx – êðóòÿùèå

ìîìåíòû; Qx, Qy – ïîïåðå÷íûå ñèëû â ïëîñêîñòÿõ xOz è yOz;

U, V, W – ïåðåìåùåíèÿ òî÷åê ñðåäèííîé ïîâåðõíîñòè âäîëü

îñåé x, y, z; �x, �y – óãëû ïîâîðîòà íîðìàëè â ïëîñêîñòÿõ xOz

è yOz; Px, Py, q – êîìïîíåíòû âíåøíåé íàãðóçêè âäîëü îñåé x,
y, z; A, B – ïàðàìåòðû Ëÿìå.

Ïåðå÷èñëåííûå ïàðàìåòðû â ôîðìóëå (5) ïîä-

ðîáíî ïðåäñòàâëåíû â [14].

Ôóíêöèîíàë ïîëíîé ïîòåíöèàëüíîé ýíåðãèè äå-
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cut

ïðåäñòàâèì â

âèäå:

E B qW ABdxdys
cut

klc

d

a

b

l

o

k

p

k

k

l

l� �����
��

1

2
2

11

( ) , (6)

ãäå al, bl – êîîðäèíàòû íà÷àëà è êîíöà âûðåçà âäîëü îñè x;
ck, dk – êîîðäèíàòû íà÷àëà è êîíöà âûðåçà âäîëü îñè y; Bkl:
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� � � � �G S Jcut
kl

y x cut
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2 12 2 2 12 1 2( ( ) ( ) )
 � 
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� � �2 212 12G S Jcut
kl

xy cut
kl( )� � ���

�

� � � �G k F G k Fx cut
kl

y cut
kl

13 1
2

23 2
2( ) ( )� �
 
 ;

k � 5 6 [25].

Èññëåäîâàíèå óñòîé÷èâîñòè îáîëî÷åê îñóùåñòâ-

1. Ãåîìåòðè÷åñêèå ïàðàìåòðû îáîëî÷åê, ì

Íîìåð

ãåîìåò-

ðèè

a b R1 R2 h vk vl

1 0,2 0,2 5 3,33 0,00022 0,02 0,02

2 27 27 67,95 67,95 0,045 2,7 2,7

3 16 16 25 25 0,08 1,6 1,6

4 10,8 10,8 40,05 40,05 0,09 1,08 1,08

Ï ð è ì å ÷ à í è å. a – äëèíà îáîëî÷êè; b – øèðèíà îáîëî÷êè;

R1, R2 – ðàäèóñû êðèâèçíû îáîëî÷êè âäîëü îñåé x è y ñîîòâåòñò-

âåííî; h – òîëùèíà îáîëî÷êè.
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2. Ìåõàíè÷åñêèå õàðàêòåðèñòèêè ìàòåðèàëîâ

Ïàðàìåòð Ìàòåðèàë 2

[29, 30]

Óãëåïëàñòèê Ñòåêëîïëàñòèê

Ò10-ÓÏÝ22-27

[28]ËÓ-Ï/ ÝÍÔÁ

[11]

Ò300/976

[10]

E1, ÌÏà·104 2 14 14 2,94

�12 0,1 0,3 0,29 0,123

E2, ÌÏà·104 4 0,97 0,97 1,78

G12, ÌÏà·104

1 0,46

0,55

0,301G13, ÌÏà·104 0,55

G23, ÌÏà·104 0,33

xl è yk – êîîðäèíàòû ðàñïîëîæåíèÿ öåíòðîâ
âûðåçîâ âäîëü îñåé x, y; vk è vl – øèðèíà âûðå-
çîâ, ïàðàëëåëüíûõ îñÿì y è x ñîîòâåòñòâåííî

Ðèñ. 1. Ðàñ÷åòíàÿ ñõåìà âûðåçà

3. Âåðèôèêàöèÿ ðåçóëüòàòîâ qcr, Ïà

¹ ãåî-

ìåòðèè

van Campen

et al. [29]

Wang [30] Ñåìåíîâ

À. À. [31]

Ðåçóëüòàòû

ðàñ÷åòà

PSM AEM DQM FEM ÌÏÐÍÏ

1 57,86 76,71 50,76 52,89 54,35 53,55

4. Çíà÷åíèÿ êðèòè÷åñêèõ ñèë ~qcr , ÌÍ

¹ ãåî-

ìåò-

ðèè

Ìàòåðèàë Êîëè÷åñòâî âûðåçîâ o � p

– 2�2 4�4

1 Ìàòåðèàë 2 2,142�10-6 2,128�10-6 1,727�10-6

Ñíèæåíèå

êðèòè÷åñêîé, %

– 0,64 19,39

2 ËÓ-Ï/ÝÍÔÁ 9,151 6,623 5,91

Ñíèæåíèå

êðèòè÷åñêîé, %

– 27,62 35,42

Ò300/976 9,317 6,941 6,092

Ñíèæåíèå

êðèòè÷åñêîé, %

– 25,51 34,61

3 Ò10-ÓÏÝ22-27 34,37 29,856 25,868

Ñíèæåíèå

êðèòè÷åñêîé, %

– 13,13 24,74

ËÓ-Ï/ÝÍÔÁ 61,675 51,288 50,816

Ñíèæåíèå

êðèòè÷åñêîé, %

– 16,84 17,61

4 Ò10-ÓÏÝ22-27 7,625 7,582 6,145

Ñíèæåíèå

êðèòè÷åñêîé, %

– 0,56 15,41

ËÓ-Ï/ÝÍÔÁ 20,084 17,693 15,334

Ñíèæåíèå

êðèòè÷åñêîé, %

– 11,9 23,65

Ðèñ. 2. Ïîëÿ ïðîãèáîâ îáîëî÷êè ¹ 3

a – ïîëå ïðîãèáîâ äî ïîòåðè óñòîé÷èâîñòè ïðè íàãðóçêå
q = 0,1215 ÌÏà, á– ïîñëå ïîòåðè óñòîé÷èâîñòè ïðè íàãðóç-
êå q= 0,1216 ÌÏà
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ëÿåòñÿ ïóòåì íàõîæäåíèÿ ìèíèìóìà ôóíêöèîíàëà

(4). Äëÿ ñâåäåíèÿ âàðèàöèîííîé çàäà÷è î ïîèñêå ìè-

íèìóìà ôóíêöèîíàëà ê ðåøåíèþ ñèñòåìû íåëèíåé-

íûõ àëãåáðàè÷åñêèõ âûðàæåíèé èñïîëüçîâàí ìåòîä

Ðèòöà. Ðåøåíèå äàííîé ñèñòåìû îñóùåñòâëÿåòñÿ ñ

ïîìîùüþ ìåòîäà Íüþòîíà [14]. Ïðîãðàììíàÿ ðåà-

ëèçàöèÿ àëãîðèòìà âûïîëíåíà â ïàêåòå êîìïüþòåð-

íîé àëãåáðû Maple.

Ðåçóëüòàòû èññëåäîâàíèÿ

Ñîãëàñíî ïðåäñòàâëåííîé ìîäåëè è àëãîðèòìó

ïðîâåäåíû ðàñ÷åòû øàðíèðíî-íåïîäâèæíî çàêðåï-

ëåííûõ ïî êîíòóðó ïîëîãèõ îáîëî÷åê äâîÿêîé êðè-

âèçíû ñî ñêâîçíûìè âûðåçàìè (h hkl � ). Ðàçìåðû

êîíñòðóêöèé è âûðåçîâ ïðåäñòàâëåíû â òàáë. 1.
Êîëè÷åñòâî âûðåçîâ âäîëü îñåé x è y ïðèíÿòî îäè-

íàêîâûì.

Äëÿ ðàñ÷åòîâ ïðèíÿòû ñëåäóþùèå îðòîòðîïíûå

ìàòåðèàëû: óãëåïëàñòèê Ò300/976 èç ðàáîòû [10];

óãëåïëàñòèê ËÓ-Ï/ÝÍÔÁ èç ñòàòüè [11]; ñòåêëîïëàñ-

òèê Ò10-ÓÏÝ22-27 èç èññëåäîâàíèÿ [28]; ìàòåðèàë 2

èç ñòàòåé [29, 30]. Ìåõàíè÷åñêèå õàðàêòåðèñòèêè ìà-

òåðèàëîâ ïðèâåäåíû â òàáë. 2. Îñè îðòîòðîïèè ñîâ-

ïàäàþò ñ ëîêàëüíîé ñèñòåìîé êîîðäèíàò îáîëî÷êè,

îñü îðòîòðîïèè 1 ñîâïàäàåò ñ íàïðàâëåíèåì îñè x.
Âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïðîâîäèëèñü ïðè

êîëè÷åñòâå ðàçëîæåíèé ôóíêöèé ìåòîäoì Ðèòöà

N = 16.

Âåðèôèêàöèÿ ðåçóëüòàòîâ ðàñ÷åòîâ îñóùåñòâëå-

íà ïóòåì ñðàâíåíèÿ êðèòè÷åñêèõ íàãðóçîê ïîòåðè

óñòîé÷èâîñòè îáîëî÷êè èç ìàòåðèàëà 2 ñ ðåçóëüòà-

òàìè äðóãèõ àâòîðîâ (äëÿ îáîëî÷åê áåç âûðåçîâ)

(òàáë. 3).
Â ðàáîòå [29] â îñíîâå ðàñ÷åòíîãî àëãîðèòìà

èñïîëüçîâàíû Partitioned Solution Method (PSM) è

Adjacent Equilibrium Method (AEM). Â ñòàòüå [30]

èñïîëüçîâàí Differential Quadrature Method (DQM)

è êîíå÷íî-ýëåìåíòíûé ïðîãðàììíûé êîìïëåêñ

NASTRAN (FEM). Àëãîðèòì èññëåäîâàíèÿ [31] ïî-

ñòðîåí íà èñïîëüçîâàíèè ìåòîäà ïðîäîëæåíèÿ ðå-

øåíèÿ ïî íàèëó÷øåìó ïàðàìåòðó (ÌÏÐÍÏ).

Çíà÷åíèÿ êðèòè÷åñêèõ ñèë ~qcr (ïðåäñòàâëÿþò ñî-

áîé ïðîèçâåäåíèå êðèòè÷åñêîé íàãðóçêè qcr íà îñ-

òàòî÷íóþ ïëîùàäü îáøèâêè îáîëî÷êè) ïîòåðè óñ-

òîé÷èâîñòè â çàâèñèìîñòè îò êîëè÷åñòâà âûðåçîâ

ïðèâåäåíû â òàáë. 4.

Íà îñíîâàíèè àíàëèçà çíà÷åíèé, ïðåäñòàâëåí-

íûõ â òàáë. 4, ìîæíî êîíñòàòèðîâàòü, ÷òî äëÿ ðàñ-

ñìîòðåííûõ îáîëî÷åê îñëàáëåíèå ñêâîçíûìè âû-

ðåçàìè îêàçûâàåò ñóùåñòâåííîå âëèÿíèå íà âåëè-

÷èíó êðèòè÷åñêîé ñèëû: âûêëþ÷åíèå èç ðàáîòû

4 % îáúåìà êîíñòðóêöèè ïðèâîäèò ê ñíèæåíèþ

êðèòè÷åñêîé ñèëû îò 11,9 äî 27,62 %.

Äëÿ îáîëî÷êè ¹ 3, âûïîëíåííîé èç ñòåêëîïëà-

ñòèêà Ò10-ÓÏÝ22-27, íà ðèñ. 2 ïðåäñòàâëåíû ïîëÿ

ïðîãèáîâ ïðè êîëè÷åñòâå âûðåçîâ 2�2.

Äî ïîòåðè óñòîé÷èâîñòè äåôîðìèðîâàíèå îáî-

ëî÷êè èìåëî ñèììåòðè÷íûé õàðàêòåð îòíîñèòåëüíî

îñåé x, y, ïèêîâûå çíà÷åíèÿ ïðîãèáà íàáëþäàëèñü

â óãëîâûõ çîíàõ êîíñòðóêöèè (êîîðäèíàòû (2,2),

(2,14), (14,2), (14,14)) è â öåíòðàëüíîé ÷àñòè îáîëî-

÷êè (êîîðäèíàòû (4,8), (8,4), (8,12), (12,8)). Ïîñëå

ïîòåðè óñòîé÷èâîñòè õàðàêòåð äåôîðìèðîâàíèÿ èç-

ìåíèëñÿ: â öåíòðàëüíîé ÷àñòè íàáëþäàåòñÿ âûãèá,

ïðè ýòîì â óãëîâûõ çîíàõ ïèêîâûå çíà÷åíèÿ ïðîãè-

áà ñîõðàíèëèñü (êîîðäèíàòû òàêèå æå, êàê äî ïîòå-

ðè óñòîé÷èâîñòè).

Â û â î ä û

1. Ìàòåìàòè÷åñêàÿ ìîäåëü, ó÷èòûâàþùàÿ ãåîìåò-

ðè÷åñêóþ íåëèíåéíîñòü, ïîïåðå÷íûå ñäâèãè, îðòî-

òðîïèþ ìàòåðèàëà, îñëàáëåíèÿ âûðåçàìè, ïîçâîëÿ-

åò îïðåäåëèòü êðèòè÷åñêóþ íàãðóçêó ïîòåðè óñòîé-

÷èâîñòè äëÿ ïîëîãèõ îðòîòðîïíûõ îáîëî÷åê.

2. Çàïèñü ìàòåìàòè÷åñêîé ìîäåëè â âèäå ðàçíî-

ñòè ôóíêöèîíàëîâ ïîëíîé ïîòåíöèàëüíîé ýíåðãèè

äåôîðìàöèè îáøèâêè è îáëàñòåé âûðåçîâ äàåò

âîçìîæíîñòü èñêëþ÷èòü ó÷åò ðàâíîìåðíî-ðàñïðå-

äåëåííîé íàãðóçêè â îáëàñòÿõ ñêâîçíûõ âûðåçîâ.

3. Ó÷åò ñêâîçíûõ âûðåçîâ äëÿ ðàññìîòðåííûõ

îðòîòðîïíûõ êîíñòðóêöèé ïîêàçàë, ÷òî, êàê ïðàâè-

ëî, ïðè ìàëîé ïëîùàäè âûðåçîâ è ðàâíîìåðíîì

ðàñïðåäåëåíèè èõ ïî îáîëî÷êå ïðîèñõîäèò çíà÷è-

òåëüíîå ñíèæåíèå êðèòè÷åñêîé ñèëû: ïðè îáùåé

ïëîùàäè âûðåçîâ 4 % ñíèæåíèå êðèòè÷åñêîé ñèëû

ñîñòàâëÿåò äî 27,62 %.

4. Ïîëó÷åííûå â äàííîé ðàáîòå ðåøåíèÿ âíîñÿò

âêëàä â ðàçâèòèå òåîðèè ðàñ÷åòîâ îðòîòðîïíûõ ïî-

ëîãèõ îáîëî÷åê äâîÿêîé êðèâèçíû ñ âûðåçàìè.

Ðàçðàáîòàííûå ðåøåíèÿ ìîãóò áûòü èñïîëüçîâàíû

â ðàñ÷åòàõ íà ñòàäèè ïðîåêòèðîâàíèÿ.
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